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ELLIPTIC ZETA FUNCTIONS AND EQUIVARIANT FUNCTIONS
ABDELLAH SEBBAR AND ISRA AL-SHBEIL
Abstract. In this paper we establish a close connection between three notions at-
tached to a modular subgroup. Namely the set of weight two meromorphic modular
forms, the set of equivariant functions on the upper half-plane commuting with the
action of the modular subgroup and the set of elliptic zeta functions generalizing the
Weierstrass zeta functions. In particular, we show that the equivariant functions can
be parameterized by modular objects as well as by elliptic objects.
1. Introduction
For a finite index subgroup Γ of SL2(Z), an equivariant function is a meromorphic
function on the upper half-plane H which commutes with the action of Γ on H. Namely,
f(γτ) = γf(τ) , γ ∈ Γ , τ ∈ H,
where γ acts by linear fractional transformations on both sides. These were extensively
studied in connection with modular forms in [3, 4, 8] and have important applications
to modular forms and vector-valued modular forms [6, 7]. In this paper, we study the
equivariant functions from an elliptic point of view. In particular, we will see that
they arise also from elliptic objects. To this end we establish correspondences between
three distinct notions. The first of which is the set of equivariant functions for Γ. The
second is the space of weight 2 meromorphic modular formsM2(Γ). The third set under
consideration consists of a generalization of the Weierstrass ζ−function which satisfies
ζ ′(z) = −℘(z) where ℘ is the Weierstrass ℘−function attached to a rank two lattice of
C. In fact, ζ can be viewed as map
ζ : {set of lattices in C} × C 7→ C ∪ {∞}.
For a fixed lattice ω1Z + ω2Z with ℑ(ω2/ω1) > 0, the map ζ(ω1Z + ω2Z, · ) is quasi-
periodic in the sense that
ζ(ω1Z+ ω2Z, z + ω) = ζ(ω1Z+ ω2Z, z) +H(ω), z ∈ C, ω ∈ ω1Z+ ω2Z.
Here H(ω) does not depend on z and is referred to as the quasi-period map. It is also
Z−linear and thus it is completely determined by the quasi-periods H(ω1) and H(ω2).
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Moreover, ζ is homogeneous in the sense that
ζ(α(ω1Z+ ω2Z), αz) = α
−1ζ(ω1Z+ ω2Z, z), α ∈ C
∗
and so is the quasi-period map H(ω).
In the particular case where the lattice is of the form Z + τZ, τ ∈ H, H(1) and
H(τ) are meromorphic as functions of τ . It turns out that the quotient H(τ)/H(1)
is an equivariant function on H thanks to the linearity and the homogeneity of the
quasi-period map H [1].
To generalize the Weierstrass ζ−function, Brady, in loc. cit. gave the definition
of zeta-type functions that behave like ζ in terms of quasi-periodicity, homogeneity,
meromorphic behavior of the quasi-periods H(1) and H(τ) and additional conditions.
In our case, we adapt and simplify these maps which we call elliptic zeta functions.
The quasi-periods H(1) and H(τ) turn out to hold important information and they are
used to construct equivariant functions as well as elements of M2(SL2(Z)).
If Γ is a finite index subgroup of SL2(Z), we generalize the above construction by
defining the notion of Γ−elliptic zeta functions. Here the lattices are replaced by appro-
priate classes involving Γ which essentially can be identified with pairs of lattices (L, L′),
L′ being a sub-lattice of finite index of L. The group SL2(Z) acts by automorphisms
on L by change of basis and Γ becomes the subgroup of SL2(Z) that leaves L
′ invari-
ant. We then establish a triangular correspondence between the set of Γ−elliptic zeta
functions, M2(Γ) and the set of Γ−equivariant functions summarized in the following
commutative diagram in which every arrow is surjective.
Weight 2 modular forms
Elliptic zeta functions Equivariant functions
This paper is organized as follows:
In §2 we review the basic notions of periodic and quasi-periodic functions in the con-
text of the Weierstrass ℘ and ζ functions. In §3, inspired by M. Brady [1], we introduce
the notion of elliptic zeta functions and study their structure. In §4, we establish the
connection between weight 2 modular forms and the elliptic zeta functions. In section
§5, we review the notion of equivariant functions and establish a correspondence with
the weight two modular forms. In §6 we generalize the constructions of the previous sec-
tions to any finite index subgroup of SL2(Z). Finally, in §7 we provide some interesting
examples related to the powers of the Weierstrass ℘−function.
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2. Quasi-periodic functions
The main reference in this section is [5]. Let Λ ⊂ C be a lattice in C, that is
Λ = ω1 Z + ω2 Z with ℑ(ω2/ω1) > 0. Such lattice can be expressed with a different
basis (ω′1, ω
′
2) if ω
′
1 = aω1+ b ω2 and ω
′
2 = c ω1+d ω2 with γ =
[
a b
c d
]
∈ SL2(Z), that is
(ω′1, ω
′
2) = (ω1, ω2)γ
t where γt denotes the transpose of the matrix γ. The Weierstrass
℘−function is the elliptic function with respect to Λ given by:
℘(Λ, z) =
1
z2
+
∑
ω∈Λ
ω 6=0
(
1
(z − w)2
−
1
ω2
)
.
It is absolutely and uniformly convergent on compact subsets of C \ Λ and defines a
meromorphic function on C with poles of order 2 at the points of Λ and no other poles.
The Weierstrass ζ−function is defined by the series
(2.1) ζ(Λ, z) =
1
z
+
∑
ω∈Λ
ω 6=0
(
1
z − w
+
1
ω
+
z
ω2
)
.
It is absolutely and uniformly convergent on compact subsets of C \ Λ. Moreover, it
defines a meromorphic function on C with simple poles at the points of Λ and no other
poles. Differentiating the above series we get for all z ∈ C:
d
dz
ζ(Λ, z) = −℘(Λ, z) .
Since ℘ is periodic relative to Λ, ζ is quasi-periodic in the sense that for all ω ∈ Λ and
for all z ∈ C, we have
(2.2) ζ(Λ, z + ω) = ζ(Λ, z) + ηΛ(ω),
where ηΛ(ω) is independent of z. We call ηΛ : Λ −→ C the quasi-period map associated
to ζ . It is clear that ηΛ is Z−linear and thus it is completely determined by the values
of ηΛ(ω1) and ηΛ(ω2). Also, since ζ is an odd function, it follows that if ω ∈ Λ and
ω /∈ 2Λ, then ηΛ(ω) is given by
(2.3) ηΛ(ω) = 2ζ(Λ,
ω
2
) .
The periods and the quasi-periods are related by the Legendre relation:
(2.4) ω1ηΛ(ω2)− ω2ηΛ(ω1) = 2pii.
The following homogeneity property of ζ and η will be very useful.
Proposition 2.1. If Λ is a lattice and α ∈ C then
(2.5) ζ(αΛ, αz) = α−1ζ(Λ, z) and ηαΛ(αω) = α
−1ηΛ(ω) .
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Proof. The first relation follows from the expansion (2.1) and the second relation follows
from (2.2) 
We refer to (2.5) by saying that ζ and η are homogeneous of weight -1.
We now focus on lattices of the form Λτ = Z+τZ where τ is in the upper half-plane
H = {z ∈ C | ℑ(z) > 0}. From (2.3) we can readily see that the quasi-periods ηΛτ (1)
and ηΛτ (τ) are meromorphic functions on H and so is the function defined by
(2.6) h(τ) =
ηΛτ (τ)
ηΛτ (1)
.
For the remainder of this paper, if γ =
[
a b
c d
]
∈ GL2(C) and z ∈ C we define the
action γz by
(2.7) γz =
az + b
cz + d
.
When γ ∈ SL2(R) and z ∈ H, then this is the usual action on H by linear fractional
transformation providing all the automorphisms of H.
Proposition 2.2. [1] The function h defined by (2.6) satisfies
(2.8) h(γτ) = γh(τ) , γ ∈ SL2(Z) , τ ∈ H.
Proof. Let γ ∈ SL2(Z) and τ ∈ H. We have
ηΛγτ (γτ) = ηZ+ aτ+b
cτ+d
Z
(
aτ + b
cτ + d
)
= (cτ + d)η(cτ+d)Z+(aτ+b)Z(aτ + b) (by homogeneity of η)
= (cτ + d)ηΛτ (aτ + b)
= (cτ + d)(aηΛτ (τ) + bηΛτ (1))
where we have used the linearity of η and the fact that the lattices Λτ and (cτ + d)Z+
(aτ + b)Z are the same. Also,
ηΛγτ (1) = (cτ + d)η(cτ+d)Z+(aτ+b)Z(cτ + d) (by homogeneity of η)
= (cτ + d)ηΛτ (cτ + d)
= (cτ + d)(cηΛτ (τ) + dηΛτ (1)).
Therefore,
h(γτ) =
aηΛτ (τ) + bηΛτ (1)
cηΛτ (τ) + dηΛτ (1)
=
ah(τ) + b
ch(τ) + d
= γh(τ) .

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A meromorphic function on H that satisfies (2.8) will be called equivariant with
respect to SL2(Z). We will expand more on these functions in later sections.
3. Elliptic Zeta functions
Following [1], we will generalize the notion of Weierstrass zeta function and its quasi-
periods. Let L be the set of lattices Λ(ω1,ω2) = ω1Z+ω2Z with ℑ(ω2/ω1 > 0). We define
an elliptic zeta function of weight k ∈ Z as a map
Z : L × C −→ C ∪ {∞}
satisfying the following properties:
(1) For each Λ = ω1Z+ ω2Z, the map
Z(Λ, ·) : C −→ C ∪ {∞}
is quasi-periodic, that is
Z(Λ, z + ω) = Z(Λ, z) +HΛ(ω) , z ∈ C , ω ∈ Λ ,
where the quasi-period function HΛ(ω) does not depend on z.
(2) Z is homogeneous of weight k in the sense that
Z(αΛ, αz) = αk Z(Λ, z) , α ∈ C∗ , z ∈ C.
(3) If Λτ = Z+ τZ, τ ∈ H, then the quasi-periods HΛτ (τ) and HΛτ (1) as functions
of τ are meromorphic on H.
It follows from (1) that for each Λ, the quasi-period function HΛ is Z−linear, and
therefore it is completely determined by HΛ(ω1) and HΛ(ω2). Moreover, we have the
following result generalizing Proposition 2.1.
Proposition 3.1. Let Z be an elliptic zeta function of weight k et let HΛ be the quasi-
period function for each lattice Λ. Then for all α ∈ C× and ω ∈ Λ, we have
(3.1) HαΛ(αω) = α
k HΛ(ω).
Proof. On one hand we have:
Z(αΛ, α(z + ω)) = Z(αΛ, αz) +HαΛ(αω)
= αkZ(Λ, z) +HαΛ(αω).
On the other hand, we have
Z(αΛ, α(z + ω)) = αkZ(Λ, z + ω)
= αk(Z(Λ, z) +HΛ(ω)),
and the proposition follows. 
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Notice that two elliptic zeta functions having the same quasi-period function must
differ by an elliptic function. Simple examples are given by the identity map z, or the
Weierstrass zeta function ζ(Λ, z). We will see below that these two examples will, in a
certain sense, generate all the other elliptic zeta functions. Also, since for a fixed lattice
the derivative of an elliptic zeta function with respect to z is an elliptic function for the
lattice, this provides a way to construct infinitely many of them by taking integrals of
elliptic functions.
Let ω1 and ω2 such that ℑ(ω2/ω1) > 0 and set
M(ω1,ω2) =
[
ω2 η(ω2)
ω1 η(ω1)
]
,
where η is the quasi-period map of the Weierstrass zeta function ζ(ω1Z+ω2Z, z) Using
the Legendre relation (2.4), we have
detM(ω1,ω2) = −2pii.
Let Z be an elliptic zeta function of weight k with the two quasi-periods H(ω1) and
H(ω2). Set [
Φ
Ψ
]
=M−1(ω1,ω2)
[
H(ω2)
H(ω1)
]
.
In other words
2piiΦ = η(ω2)H(ω1)− η(ω1)H(ω2)(3.2)
2piiΨ = ω1H(ω2)− ω2H(ω1).(3.3)
Proposition 3.2. The quantities Φ and Ψ do not depend on the choice of the basis
(ω1, ω2), and, as functions of the lattice ω1Z+ω2Z, they are homogeneous of respective
weights k − 1 and k + 1.
Proof. Let a, b, c and d be integers such that ad− bc = 1. The expressions in (3.2) and
(3.3) are invariant if we change the basis (ω1, ω2) to the basis (aω1 + bω2, cω1 + dω2).
Indeed, using the linearity of η and H we have for the expression of Φ:
η(cω1 + dω2)H(aω1 + bω2)− η(aω1 + bω2)H(cω1 + dω2)
= [cη(ω1) + dη(ω2)][aH(ω1) + bH(ω2)]− [aη(ω1) + bη(ω2)][cH(ω1) + dH(ω2)]
= H(ω1)η(ω2)−H(ω2)η(ω1) .
Similar calculations hold for the expression of Ψ. The values of the weights are straight-
forward knowing that the weight is k for H , -1 for η and 1 for both ω1 and ω2. 
We can therefore denote Φ and Ψ by ΦΛ and ΨΛ as they depend only on the lattice
Λ.
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Proposition 3.3. [1] Let Z be an elliptic zeta function of weight k and quasi-period
function H, and let ΦΛ and ΨΛ be as above. Then for each lattice Λ, there exists an
elliptic function EΛ such that
(3.4) Z(Λ, z) = ΦΛ z + ΨΛζ(z) + EΛ(z).
Proof. It is clear by construction of Φ and Ψ that the map ΦΛz + ΨΛζ satisfies the
conditions of a weight k elliptic zeta function. Moreover, for each Λ = ω1Z+ ω2Z, the
quasi-periods of ΦΛ z + ΨΛ ζ(z) are ΦΛ ωi + ΨΛ η(ωi), i = 1, 2, which coincide with
the quasi-periods H(ω1) and H(ω2) of Z as we have
[
H(ω2)
H(ω1)
]
=
[
ω2 η(ω2)
ω1 η(ω1)
] [
ΦΛ
ΨΛ
]
,
and therefore the two elliptic zeta functions differ by an elliptic function for the lattice
Λ. 
It is clear that the expression (3.4) for an elliptic zeta function is unique up to the
elliptic function EΛ(z) since ΦΛ and ΨΛ are uniquely determined. Moreover, we view
the relations (3.2) and (3.3) as the generalization for an elliptic zeta function of the
Legendre relation (2.4) for the Weierstrass zeta function. Finally, using a similar proof
to that of Proposition 2.8, we have
Proposition 3.4. Let Z be an elliptic zeta function with a quasi-period map H. For
τ ∈ H and Λτ = Z+τZ, suppose that H(1) is not identically zero, then the meromorphic
function h(τ) = H(τ)/H(1) is equivariant with respect to SL2(Z).
4. Modular forms
In this section we will investigate the connection between elliptic zeta functions and
modular forms for SL2(Z). In the following theorem, we will show that each elliptic
zeta functions gives rise to a weight 2 (meromorphic) modular form for SL2(Z), and
conversely, each weight 2 modular form yields an elliptic zeta function.
Theorem 4.1. Let Z be an elliptic zeta function with ΦΛ and ΨΛ as in (3.4) and
suppose ΨΛτ is not identically zero as a function of τ . Then the map
(4.1) Z 7−→
ΦΛτ
ΨΛτ
is well defined between the set of elliptic zeta functions and the space of weight 2 modular
forms M2(SL2(Z)). In addition, this map is surjective.
Proof. Let k ∈ Z be the weight of Z and set
f(τ) =
ΦΛτ
ΨΛτ
, τ ∈ H.
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Since ΦΛτ and ΨΛτ are meromorphic in τ , so is f(τ). Now let γ =
[
a b
c d
]
∈ SL2(Z).
Since ΦΛ and ΨΛ are homogeneous of weights k − 1 and k + 1 respectively, we have
ΦΛγτ = (cτ + d)
−k+1Φ(aτ+b)Z+(cτ+d)Z = (cτ + d)
−k+1ΦΛτ
and
ΨΛγτ = (cτ + d)
−k−1Ψ(aτ+b)Z+(cτ+d)Z = (cτ + d)
−k−1ΨΛτ .
Therefore
f(γτ) = (cτ + d)2 f(τ) .
Hence the map is well defined as ΦΛ and ΨΛ are uniquely determined by Z. We now
prove that the map is onto. Let f ∈M2(SL2(Z)) and set, for Λ = ω1Z+ ω2Z,
ΦΛ =
1
ω21
f
(
ω2
ω1
)
, ΨΛ = 1 .
The map ΦΛ is well defined in the sense that it is independent of the choice of the basis
(ω1, ω2). Indeed, if γ =
[
a b
c d
]
∈ SL2(Z), then
1
(aω1 + bω2)2
f
(
cω1 + dω2
aω1 + bω2
)
=
1
(aω1 + bω2)2
f
(
d ω2
ω1
+ c
b ω2
ω1
+ a
)
=
(b ω2
ω1
+ a)2
(aω1 + bω2)2
f
(
ω2
ω1
)
=
1
ω21
f
(
ω2
ω1
)
.
Thus, we have an elliptic zeta function
Z(Λ, z) =
1
ω21
f
(
ω2
ω1
)
z + ζ(z)
of weight -1 that is sent to f(τ) by the map (4.1). 
5. Equivariant functions
We introduced the notion of equivariant functions earlier as being meromorphic func-
tions on H that commute with the action of the modular group. They were extensively
studied in [3, 4, 7, 8] in connection with modular forms, vector-valued modular forms
and other topics. In particular, each modular form of any weight (even with a charac-
ter) gives rise to an equivariant function. Indeed, if f is a modular form of weight k,
then the function
hf(τ) = τ + k
f(τ)
f ′(τ)
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is equivariant with respect to SL2(Z).
Not all the equivariant functions arise in this way from a modular form. In fact a
necessary and sufficient condition for an equivariant function h to be equal to hf for
some modular form f is that the poles of 1/(h(τ)− τ) in H ∪ {∞} are all simple with
rational residues [4]. Such functions are referred to as the rational equivariant functions.
Important applications were obtained regarding the critical points of modular forms
and their q−expansion [6]. As an example, recall the Eisenstein series G2(τ) defined by
G2(τ) =
1
2
∑
n 6=0
1
n2
+
1
2
∑
m6=0
∑
n∈Z
1
(mτ + n)2
and the normalized weight two Eisenstein series
E2(τ) =
6
pi2
G2(τ) = 1− 24
∞∑
n=1
σ1(n)q
n , q = e2piiτ ,
where σ1(n) is the sum of positive divisors of n. On can easily deduce from the definition
of the Weierstrass ζ−function that [5]
η(1) = G2(τ)
η(τ) = τG2(τ)− 2pii,
and since we have
E2(τ) =
1
2pii
∆′(τ)
∆(τ)
,
where ∆ is the weight 12 cusp form (the discriminant)
∆(τ) = q
∞∏
n=1
(1− qn)24 , q = e2piiτ ,
we deduce
Proposition 5.1. The equivariant function h(τ) =
η(τ)
η(1)
from Proposition 2.8 is ratio-
nal with
h(τ) = τ + 12
∆
∆′
.
Let’s denote by Eq the set of all equivariant functions with respect to SL2(Z). Al-
though h(τ) = τ is trivially equivariant, it will be excluded from Eq.
Recall that if f ∈ M2(SL2(Z)) and γ =
[
a b
c d
]
∈ GL2(C) we denote by γf(τ)
γf(τ) =
af(τ) + b
cf(τ) + d
.
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Now recall from §3 the matrix
M(1,τ) =
[
τ η(τ)
1 η(1)
]
which is invertible thanks to the Legendre relation.
Theorem 5.2. The map from M2(SL2(Z)) to Eq
f 7−→M(1,τ) f
is a bijection. The inverse map is given by
h 7−→ M−1(1,τ) h .
Proof. Let f ∈M2(SL2(Z)) and set
h(τ) = M(1,τ) f(τ) =
τf(τ) + η(τ)
f(τ) + η(1)
For γ =
[
a b
c d
]
∈ SL2(Z), we have
h(γτ) =
γτf(γτ) + ηΛγτ (γτ)
f(γτ) + ηΛτ (1)
.
Since
ηΛγτ (γτ) = (cτ + d)(aη(τ) + bη(1)),
ηΛτ (1) = (cτ + d)(cη(τ) + dη(1))
and
f(γτ) = (cτ + d)2f(τ) ,
we have
h(γτ) =
(aτ + b)f(τ) + aη(τ) + bη(1)
(cτ + d)f(τ) + cη(τ) + dη(1)
= γh(τ) .
Similarly, one can prove that if h ∈ Eq, then M−1(1,τ) h ∈M2(SL2(Z)). 
Usually the definition of a meromorphic modular forms involves also the behavior at
the cusps. More precisely if f is a modular form for SL2(Z), then f(τ+1) = f(τ) for all
τ ∈ H and thus has a Fourier expansion which is a Laurent series in q = exp(2piiτ). We
say that f is meromorphic at the cusp ∞ if this Laurent series has only finitely many
negative powers of q. In the meantime, if h is equivariant for SL2(Z) then h(τ + 1) =
h(τ)+1. Hence h(τ)−τ is also periodic of period one and thus has a Fourier expansion
in q. The proper behavior of h at the cusp at infinity is that h(τ)− τ is meromorphic
in q, see [4]. If a weight two modular form f and an equivariant function h correspond
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to each other by Theorem 5.2, then h(τ) =
τf(τ) + η(τ)
f(τ) + η(1)
and thus, using the Legendre
relation (2.4), we have
h(τ)− τ =
2pii
f(τ) + η(1)
.
Since η(1) = G2(τ) is holomorphic in q we see that the behavior at infinity for both f
and h is preserved under the correspondence of Theorem 5.2.
Taking into account the results of the above sections, we have thus established a
correspondence between the set of elliptic zeta functions, the space of modular forms
of weight 2 for SL2(Z) and the set of equivariant functions for SL2(Z) summarized as
follows
Elliptic Zetas
EqM2
∼
Ψ
Φ
7→Z
Z
7→
H
2H
1
f 7→M(1,τ)f
where H1 and H2 are the quasi-periods of the elliptic zeta function Z, Φ and Ψ are
such that Z(Λ, z) = Φ z + Ψζ(z) + E with E elliptic and M(1,τ) as above. Of course,
this diagram is commutative and each map is surjective.
6. The case of modular subgroups
So far the constructions in the previous sections involve the full modular group
SL2(Z). In the meantime, the notion of modular forms or equivariant functions can
be restricted to any finite index subgroup. Thus we need to define the notion of elliptic
zeta functions for any such subgroup.
Fix a modular subgroup Γ of finite index in SL2(Z). Set
M = {(ω1, ω2) ∈ C
2 : ℑ(ω2/ω1) > 0}.
The group Γ acts on M in the usual way:
γ(ω1, ω2) = (ω1, ω2)γ
t.
Denote by ΩΓ the quotient Γ\M and the class of (ω1, ω2) by [ω1, ω2]. Also, C
∗ acts on
M in the usual way and this action extends to ΩΓ as:
α[ω1, ω2] = [αω1, αω2].
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If Γ = SL2(Z), then [ω1, ω2] is identified with the lattice Λ(ω1,ω2) = ω1Z+ ω2Z, but for
an arbitrary finite index subgroup Γ, the situation is different. Following the ideas in
[2], ΩΛ is identified with the set of pairs of lattices (Λ,Λ
′) with Λ′ being a finite index
sub-lattice of Λ fixed by Γ and Λ′ is the smallest such lattice (and thus defined as the
intersection of all such sub-lattices that are Γ−invariant). If such pair (Λ,Λ′) is given,
and as SL2(Z) acts by automorphisms of Λ by a change of basis, Γ would be defined by
Γ = {γ ∈ SL2(Z) : γΛ
′ ⊆ Λ′}.
For example, if Γ = Γ(N) is the principal congruence subgroup of level N ≥ 1, then
Λ′ = Nω1Z + Nω2Z which is a sub-lattice of ω1Z + ω2Z of index N
2 . If Γ = Γ0(N),
then Λ′ = ω1Z + Nω2Z of index N in ω1Z + ω2Z. However, we will not need this
identification in what follows.
A Γ−elliptic zeta function with respect to Γ is a map
Z : ΩΓ × C −→ C ∪ {∞}
satisfying
(1) For each [ω1, ω2] ∈ ΩΓ, the map
Z([ω1, ω2], ·) : C −→ C ∪ {∞}
is quasi-periodic with respect to Λ(ω1,ω2), that is, for all z ∈ C and all ω ∈ Λ(ω1,ω2)
we have
Z([ω1, ω2], z + ω) = Z([ω1, ω2], z) +H[ω1,ω2](ω).
(2) The map Z is homogeneous, that is, there exists an integer k, referred to as the
weight of Z, such that for all α ∈ C∗, [ω1, ω2] ∈ ΩΓ and z ∈ C we have
Z(α[ω1, ω2], αz) = α
kZ([ω1, ω2], z).
(3) The maps
τ 7→ H[1,τ ](τ) and τ 7→ H[1,τ ](1)
are meromorphic in H.
From this definition, it is clear that the quasi-period map H[ω1,ω2] is Z−linear on the
lattice Λ(ω1,ω2) and thus it is completely determined by its values on ω1 and ω2. It is
also homogeneous of weight k:
H[αω1,αω2](αω) = α
kH[ω1,ω2](ω) , ω ∈ Λ(ω1,ω2) , α ∈ C
∗.
Using the same arguments as in §3, one can easily establish the following
Proposition 6.1. Let Z : ΩΓ × C −→ C ∪ {∞} be a Γ−elliptic zeta function. There
exists unique maps Φ[ω1,ω2] of weight k − 1 and Ψ[ω1,ω2] of weight k + 1 such that for all
[ω1, ω2] ∈ ΩΓ and z ∈ C we have:
Z([ω1, ω2], z) = Φ[ω1,ω2] z +Ψ[ω1,ω2] ζ(z) + E[ω1,ω2](z) ,
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where E[ω1,ω2](z) is an Λ(ω1,ω2)−elliptic function.
Notice that Φ[ω1,ω2] and Ψ[ω1,ω2] can be shown to be independent of the choice of
the representative of the class [ω1, ω2] in the same way as for Proposition 3.2 using
transformations from Γ instead of SL2(Z).
Let M2(Γ) denote the space of meromorphic weight two modular forms with respect
to Γ and Eq(Γ) be the set of Γ−equivariant functions, that is the set of meromorphic
functions on H which commute with the action of Γ. It is clear that the matrix M(1,τ)
of the previous section provides a bijection between M2(Γ) and Eq(Γ). Using the fact
that by definition of ΩΓ, when γ =
[
a b
c d
]
∈ Γ, then [ω1, ω2] = [aω1 + bω2, cω1 + dω2],
we deduce, in the same way as in the previous sections, the following
Theorem 6.2. If Γ is a finite index subgroup of SL2(Z), then
(1) The map
(6.1) Z 7→
H[1,τ ](τ)
H[1,τ ](1)
is a well defined map from the set of Γ−elliptic zeta functions to Eq(Γ).
(2) The map
(6.2) Z 7→
Φ[1,τ ]
Ψ[1,τ ]
is well defined between the set of Γ−elliptic zeta functions and M2(Γ). It is also
onto as for each f ∈M2(Γ)
Z([ω1, ω2], z) =
1
ω12
f
(
ω2
ω1
)
z + ζ(z)
is a Γ−elliptic zeta function of weight -1 that maps to f by (6.2).
Remark 6.3. Using the bijection between M2(Γ) and Eq(Γ) and the surjective map
(6.2), one can also see that the map (6.1) is surjective. Thus we have shown that each
Γ−equivariant function arises from a Γ−elliptic zeta function. Notice that the trivial
equivariant function τ is also the quotient of the quasi-periods of the trivial Γ−elliptic
zeta function Z(z) = z.
Remark 6.4. It is worth explaining the behavior at the cusps as has been discussed at
the end of §5 for the cusp at infinity. In the case of a modular subgroup Γ of SL2(Z),
there are more than one cusp which are not in the same Γ−orbit. Meanwhile, the
analytic behavior of a meromorphic modular form at a rational cusp is well defined, see
Chapter 1 of [9] for instance, and that of an equivariant function has been established
in [4], §3. It is not difficult to show that the two behaviors at a rational cusp are
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well preserved under the correspondence between a weight 2 modular form for Γ and a
Γ−equivariant function when Γ is a finite index subgroup of SL2(Z).
7. Examples
In this section, we study an important class of elliptic functions given by integrals of
the powers ℘n of the Weierstrass ℘−function. These integrals were treated in [8].
Let Λ = ω1Z+ ω2Z, ℑ(ω2/ω1) > 0, be a lattice in C. The Eisenstein series g2 and g3
are defined by
g2(Λ) = 60
∑
ω∈Λ−{0}
1
ω4
,
g3(Λ) = 140
∑
ω∈Λ−{0}
1
ω4
.
When Λ = Z + τZ, τ ∈ H, g2 and g3, as functions of τ are modular forms of weight
four and six respectively. For a non-negative integer n, the power ℘n(z) can be written
as a linear combination of 1, ℘ and successive derivatives of ℘:
(7.1) ℘n(Λ, z) = Φn(Λ)−Ψn(Λ)℘(Λ, z) +
n−1∑
k=1
αk℘
(2k),
where the coefficients αk are polynomials in g2 and g3 with rational coefficients, see [10],
page 108. In particular, Φ0 = 1, Ψ0 = 0, Φ1 = 0 and Ψ1 = −1.
For each lattice Λ and z ∈ C, a primitive
∫
℘n(u)du of ℘n has the form
(7.2) Φn(Λ) z +Ψn(Λ)ζ(Λ, z) + En(Λ, z),
where for each Λ, En(Λ, z) is a Λ−elliptic function. We define
Zn(Λ, z) := Φn(Λ) z +Ψn(Λ)ζ(Λ, z).
It is clear that for each Λ, Zn(Λ, z) is quasi-periodic with the quasi-period map given
by
Hn(ω) = Φn(Λ) ω +Ψn(Λ)η(ω),
where η is the quasi-period map for the Weierstrass ζ−function. If there is no confusion,
we will write Φn for Φn(Λ) and Ψn for Ψn(Λ). According to [10], page 109 (see also [8],
§9), Φn, Ψn, and thus Hn satisfy the same three-term recurrence relation
un+1 =
2n− 1
4(2n+ 1)
g2un−1 +
n− 1
2(2n+ 1)
g3un−2,
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with the following initial conditions
Φ−1 = Ψ−1 = H−1 = 0
Φ0 = 1 , Ψ0 = 0 , H0(ω) = ω
Φ1 = 0 , Ψ1 = −1 , H1(ω) = −η(ω).
One can easily see that when Λ = Λτ = Z+ τZ, τ ∈ H, Hn is polynomial in g2, g3, η(1)
and η(τ), and thus Hn(1) and Hn(τ) are meromorphic functions of τ . It follows that
the map Zn(Λ, z) satisfies the axioms of a Weierstrass elliptic zeta function of weight
−2n+ 1.
Let us put Φn(τ) = Φn(Λτ ), Ψn(τ) = Ψn(Λτ), η1 = η(1) and η2 = η(τ). Then
Φ2(τ) =
1
12
g2(τ), Φ3(τ) =
1
10
g3(τ), Ψ2(τ) = 0 and Ψ3(τ) =
−3
20
g2(τ). More
generally, one can show by induction that
Proposition 7.1. For each positive integer n, Φn and Ψn are weighted homogeneous
polynomials in g2 and g3 with rational coefficients and of degrees 2n and 2(n − 1)
respectively, and these degrees are also their weights as holomorphic modular forms.
For small weights, it is clear that Φn and Ψn are simple monomials. In light of §4
and §5, for each elliptic zeta function Zn, there correspond, on one hand, a weight two
modular form
fn(τ) =
Φn(τ)
Ψn(τ)
,
which is a rational function of g2 and g3 with rational coefficients, and on the other
hand, an equivariant function
hn(τ) =
Hn(τ)
Hn(1)
=
Φn(τ) τ +Ψn(τ)η2
Φn(τ) + Ψn(τ)η1
.
Also, using the Legendre relation, fn and hn are related by
hn(τ) = τ +
2pii
fn(τ) + η1
.
The following table gives Φn, Ψn, fn and hn for 1 ≤ n ≤ 6
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n Φn Ψn fn hn
1 0 −1 0 η2
η1
= τ + 2pii
η1
2 1
12
g2 0 − τ
3 1
10
g3
−3
20
g2
−2
3
g3
g2
τ + 6piig2
−2g3+3g2η1
4 5
336
g22
−2
14
g3
−5
48
g22
g3
τ + 96piig3
−5g2
2
+48g3η1
5 1
30
g2g3
−7
240
g22
−8
7
g3
g2
τ + 14piig2
−8g3+7g2η1
6 15
4928
g32 +
1
55
g23
−87
1540
g2g3
−25
464
g2
2
g3
− 28
87
g3
g2
τ + 2784piig2g3
−75g3
2
−448g2
3
+1392g2g3η1
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